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Abstract 

We show that the adjoint representation of En contains generators corresponding to 
the infinite possible dual descriptions of the bosonic on-shell degrees of freedom of eleven 
dimensional supergravity. We also give an interpretation for the fields corresponding to 
many of the other generators in the adjoint representation. 
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A few years ago it was conjectured [1] that a rank eleven Kac-Moody algebra, which 
was called En, was a symmetry of M theory. The non-linear realisation of this algebra 
at its lowest levels was shown to contain the fields of eleven dimensional supergravity 
and to have the equations of motion of this theory [1] when one made use of the earlier 
results of reference [2] . The physical field content is extracted by decomposing the adjoint 
representation of En into the representations of its A\o, or Sl(ll), sub-algebra which 
is associated in the non-linear realisation with eleven dimensional gravity. Non-linear 
realisations of En can also be used to describe ten dimensional theories, but in this case 
the adjoint representation is decomposed into representations of Ag, or Sl(10), associated 
with ten dimensional gravity. There are only two such Ag subalgebras and the two different 
choices were found to lead to non-linear realisations which at low levels are the IIA and 
IIB supergravity theories in references [1] and [3] respectively. It is striking to examine 
tables of the generators [4] listed in terms of increasing level and see how the generators 
associated with the field content of the IIA and IIB supergravity theories occupy precisely 
all the lower levels before an infinite sea of generators whose physical significance was 
unknown at the time the tables of reference [4] were constructed. 

Amongst the set of En generators appropriate to the IIA theory is one with nine 
antisymmetrised indices which in the non-linear realisation leads to a field with the same 
index structure [4] . This nine form generator occurs in the table of IIA generators at a place 
which is in amongst the generators associated with the fields of the IIA supergravity theory. 
A non-trivial value for this field is known to lead to the massive IIA supergravity theory 
and as a result it was realised [4] that En can incorporate the massive IIA theory. However, 
there is a one to one correspondence between the fields of the non-linear realisations of En 
appropriate to the eleven dimensional, IIA and IIB theories and using this correspondence 
one finds that the nine form of the IIA theory corresponds to a field with the index structure 
A a ' b ' Cl --- Cl ° which occurs at a level which is beyond those of the supergravity fields of eleven 
dimensional supergravity theory [5]. As such En provides for an eleven dimensional origin 
of the massive IIA theory which involves one of the higher level fields and in this way the 
physical interpretation of at least one of the higher level fields in the eleven dimensional 
En theory became apparent. 

The non-linear realisation of En appropriate to the IIB theory was observed to con- 
tain a number of eight form and ten form fields at levels just above the usual fields of 
supergravity [4] . The IIB supergravity theory was originally constructed by closing the lo- 
cal supersymmetry algebra [6]. One can add to the standard supergravity fields a SL(2,R) 
doublet of six forms, dual to the two forms, and a triplet of eight forms dual to the scalars, 
whose 9-form field strengths satisfy a constraint so that only two fields actually propagate 
[9], but in an unexpected recent development [7] it was shown that one could also add 
a very specific set of ten forms to the theory and still close the supersymmetry algebra. 
Remarkably, these fields were in precise correspondence with those already found in En 
[4]. Furthermore, the exact coefficients of their gauge transformations deduced from su- 
persymmetry closure [7] were found [8] to agree with their derivation from the En algebra. 
The ten form fields, although non-propagating, have an important role since they are asso- 
ciated with spacetime-filling branes. In particular, one of the 10-forms in the IIB algebra 
is associated to D9-branes, that take part in the orientifold projection which gives rise 
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to the type-I theory from the IIB theory [10]. Thus a few more of the higher level fields 
were found to have a physical meaning. The non-linear realisation of .En appropriate to 
IIA theory was also observed to contain some ten forms [4] and these were recently found 
[11] to be in precise agreement with the ten forms one could add and still have a closing 
supersymmetry algebra in the IIA theory. 

In this paper we will consider the generators of the adjoint representation of En 
classified according to the A±q sub-algebra corresponding to an eleven dimensional gravity 
subsector. We will find all generators that have no blocks of Aiq indices containing ten 
antisymmetrised indices and whose indices sum to 3/ where / is the level of the generator. 
The lowest level such generators have the index structure R abc , i? a i - °e ^ai...a 8 ,6 anc j 
correspond to the three and six form gauge fields of the supergravity theory and the dual 
graviton field. Although there could in principle be a very large number of generators 
in the class being considered we will show that it only contains the above generators 
and the above generators decorated by blocks each of which contain nine indices. For 
example, for the three form this means the index structure ^ abc > d i--- d 9,ei...e 9 w j ien we h ave 
only two blocks of nine indices. The fields corresponding to these generators are just all 
possible dual formulations of the bosonic on-shell degrees of freedom of eleven dimensional 
supergravity. We interpret this result to mean that this sector of the adjoint representation 
of En encodes the most general possible duality symmetries of bosonic eleven dimensional 
supergravity in a manifest manner. As a result, we will find a physical interpretation for 
an infinite number of En generators. 

Very little is known about generalised Kac-Moody algebras, indeed, for no such al- 
gebra is there even a listing of the generators that are present in the algebra. However, 
Kac-Moody algebras which possess at least one node whose deletion leads to a set of Dynkin 
diagrams each of which corresponds to one of the finite dimensional semi-simple Lie alge- 
bras are more amenable to analysis [12]. In particular, one can analyse the Kac-Moody 
algebra in terms of the finite dimensional sub-algebras that appears after this deletion. 
The Dynkin diagram of En is given by 
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0-0-0-0-0-0-0-0-0 - 
12345678 9 10 

In the case of En, if one deletes the node labeled eleven then the remaining algebra is 
A\q or SL(ll). We call this A\q section of the Dynkin diagram the gravity line as it gives 
rise in the non-linear realisation to eleven dimensional gravity sector of the theory. It will 
prove useful to recall how one analyses the generators of the adjoint representation En in 
terms of representations of A w [12,13,14]. The simple roots of En are the simple roots 
cti, i = 1, . . . , 10 of Aio as well as the simple root corresponding to node eleven which we 
call a c which is given by 

a c = x - A 8 (1) 

Here x is orthogonal to the roots «i, i = 1, . . . , 10 of A w and A^, , i = 1, . . . , 10 are the 
fundamental weights of A w As a c ■ a c = 2 and Ag • Ag = , we find that x 2 = —ji- Any 
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root a of .En can be expressed in terms of its simple roots of En and, using equation (1), 
can be written as follows 

10 

a = fiiOii + la c = Ix — A (2) 
i=i 

where 

10 

A = i\ 8 - man (3) 
i=i 

is in the weight space of Aio- 

We call / the level of the root and the strategy [12,13,14] is to analyse the generators in 
the adjoint representation of En level by level in terms of the representations of A\q. When 
constructing the fin algebra in terms of multiple commutators using the Serre relation, 
the level is just the number of times the generator R abc occurs in the commutators. 

If the adjoint representation of En contains the representation of Aiq at level / with 
Dynkin indices pj, then we must find that some root of En contains an Aiq weight of the 
form A = J2jPjXj where pj are positive integers. As such, one finds that 

3 3 

Taking the scalar product with Aj, and using the equation 

(A lk )~ l = (Ai,A fc ) (5) 
valid for any simply laced finite dimensional semi-simple Lie algebra, implies that 

Y^PjAj^lA^-m (6) 

3 

where A~l is the inverse Cartan matrix of Aiq. After some though one can see that this 
must also occur for pj, I and rii are all positive integers. As such equation (6) places strong 
restrictions on the possible pj, and so the representations of Aio, that can occur at a given 
level. This observations relies on the fact that the inverse Cartan matrix is positive definite 
for any finite dimensional semi-simple Lie algebra. 

Any Kac-Moody algebra with symmetric Cartan matrix has its roots bounded by 
a 2 < 2, 0, — 2 . . . [15]. Consequently, using equations (2) and (5) we find that 

a 2 = t 2 x 2 + ^pAA;,) V, < 2, 0, -2, . . . (7) 

ij 

Since the first term is fixed for a given / and the second term is positive definite this also 
places constraints on the possible values of pi . 

It will be useful to recall the generators of En that occur for the first three levels [1]. 
At level zero we have the generators K a b of Aiq, at level one 

R abc , I = 1, p 8 = 1 a A = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1) (8) 
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at level two 



i* ai -°«, 1 = 2, p 5 = l a B = (0,0,0,0,0,1,2,3,2,1,2) 



(9) 



at level three 



i2 a 1 ...« 8l 6 j / = 3; pi0 = 1?p3 = 1 ac = (0,0,0,1,2,3,4,5,3,1,3) 



(10) 



The vectors shown above are the En roots, the entries being the integers of equation (2). 
At level three we also find 



but this generator has multiplicity zero and so does not actually occur in the En algebra. 
All other pj's not mentioned in the above expressions are zero. In deriving these results 
one uses that the inverse Cartan matrix of A n _i, or SL(n), is given by 



We now show that the En generators at level / when decomposed into representations 
of Aio can be written in such a way that they always have 3/ indices. This includes level zero 
if one counts upper indices with a plus sign and lower indices with a minus sign. Clearly, 
this counting is not respected when changing indices using the epsilon symbol. Like all Kac- 
Moody algebras, En is just the multiple commutators of its Chevalley generators, subject 
to the Serre relation. The multiple commutators of the level zero Chevalley generators 
lead to SL(ll), or Aio that is the generators K a \ ) . While the multiple commutators of 
these, together with one of the one level one Chevalley generator, R 91011 lead to the 
generators R abc . The rest of the positive root part of the algebra is then found from 
multiple commutators of R abc . As a result, if one never uses epsilons on the right hand 
side of the commutators one finds generators that have 3/ SL(ll) indices. The same applies 
to the construction of all the negative root generators which can also be written with 3/ 
indices, but now the levels are negative. This is consistent with the assignment of a lower 
index with —1 contribution. 

The generators that emerge from the above analysis are representations of A 10 and 
so are labeled by their associated Dynkin indices pj. In our conventions a generator with 
Pj = 1 has 11 — j antisymmetrised indices. To each non- vanishing Dynkin index, pj 
the generator possess pj blocks of antisymmetric indices. The blocks of antisymmetrised 
indices are in general subject to symmetrisation relations. 

We now divide all the generators into two classes, those that have at least one block 
of indices that contain ten or eleven antisymmetrised indices and those generators that do 
not contain any such blocks. We refer to the latter generators as dual generators for a 
reason that will become apparent. We note that a block of eleven antisymmetrised indices 
is equivalent to a scalar and so does not correspond to any Dynkin index. However, one 
can count the number of such blocks as it is just determined by the mismatch between the 
sum of the indices that arise from the blocks associated with the Dynkin indices pj and 3/. 



p 2 = l a D = (0,0,1,2,3,4,5,6,4,2, 



3), 



(11) 




(12) 
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The dual generators have, by definition, no such rank eleven index blocks and also have 
the Dynkin index p\ = 0, as they also have no blocks of indices with ten antisymmetrised 
indices. As such, dual generators have p± = and sum of all the indices must be 3/; 

10 

£>(ll-j)=3Z (13) 

3=2 

Let us give some more examples. At level four in the table of En generators we find a 
generators with Dynkin indices P2 = 1 and p% = 1, all other Dynkin indices being zero. 
This has the index structure _R aia2a3 ' &1 '" b9 , it has the required 3.4 = 12 indices and so is 
a dual generator. Also at level four we find a generator with pio = 1, all other Dynkin 
indices being zero. This must be of the form _R°i> b i--- b ii in order to have the required 12 
indices and so it is not a dual generator. 

We now use equations (6) and (7) to see what constraints they place on the possible 
dual generators. We begin with the condition on the length of the root of equation (7). 
Substituting for I from equation (13) we find that equation (7) considerably simplifies and 
can be written as 

a " = l E^ 11 " 3)0 - VP* + I E^ 11 " ~ 2)W = 2, 0, -2, . . . (14) 

3 i<3 

We observe that the left hand side is positive definite and so the root a can only have 
length squared 2 or 0. Furthermore, we note that the equation does not contain p2 and so 
places no constraint on it. It is straightforward to show that the only solutions are 

solution A, pi = u,p8 = 1, at / = 1 + 3m, (15) 

solution B, pi = u,ps = 1, at 1 = 2 + 3u, (16) 

solution C, P2 = u,ps = 1 = pio, at / = 3 + 3u, (17) 

solution D, p2 = u+l,, at / = 3 + 3u, (18) 

All these solutions automatically satisfy equation (6) and one finds that the En roots 
they correspond to are given by 

ai(u) = ai + uoto (19) 

where the label I = A, B,C, D corresponding to the solutions and ai are given in equations 
(8-11). 

We first discuss the solutions A,B,C which all have a 2 = 2. These contain just one 
solution at every level. The solutions for u = are just the three form R abc at level one, 
the six form i2 ai "° 6 at level two and the dual graviton generator J{ a i--- a s,b a ^ i eve [ three 
given in equations (8), (9) and (10). This must be the case as all these generators are 
dual generators. At higher levels this pattern is repeated, but one finds instead that the 
generators acquire u blocks of nine indices. Solution D had a 2 = and for u = it is 
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just the nine form at level three of equation (11). At all higher levels spaced by three one 
finds in solution D generators with u + 1 blocks of nine indices. In fact the level three, i.e. 
u = 0, nine form generator R a ^-- a ^ ^ h as multiplicity zero and examining the En tables it 
would appear that all the other generators in solution D also have multiplicity zero up to 
level nine and one can expect this to be true at all the levels. This means that although 
these generators solve all the constraints of equations (6) and (7) they do not actually 
occur in the algebra. The constraints of equations (6) and (7) are a necessary, but not 
a sufficient condition. What generators actually occur in the algebra are determined by 
multiple commutators of the Chevalley relations subject to the Serre relation and this is 
more restrictive that the above conditions. In contrast, looking at the tables of reference 
[16,19] we see that the generators for solutions A, B and C all have multiplicity one up to 
level ten and so do occur in the algebra. We can expect that they have multiplicity one at 
all levels. 

Although equations (6) and (7) can be used to systematically search for a generator 
with fixed Dynkin indices at all levels, there is usually little hope of successfully carrying 
out such a calculation unless the Dynkin indices are specified. However, this was not the 
case for the dual generators indicating that they are preferred objects in the En algebra. 

The massless states of the eleven dimensional Poincare algebra are classified in terms 
of representations of its little group SO (9). If we take the indices on the generators in 
the solutions A, B and C in equations (15-17) to only take the values 1, . . . , 9, the blocks 
of nine indices are equivalent to no indices at all and so we find only the three rank, 
six rank and the R3*—ia> 1 irreducible representations of SO(9). Of course the rank three 
and rank six generators are the same representations of SO (9) as is apparent by invariant 
epsilon symbol. The same is true for the graviton contained in the level zero sector and 
the R3i --3»' 1 generator at level three as the latter is just equivalent to the generator R/. 
In fact the generator Rii—is^ obeys the constraint Rpi---38,h] = q anc [ so the equivalent 
generator obeys Ri = 0. The fields corresponding to the generators of the solutions A, 
B and C are just all possible dual descriptions of the bosonic degrees of freedom of the 
eleven dimensional supergravity theory. The meaning of this result is that the sector of the 
En non-linear realisation associated with the dual generators encodes all possible duality 
symmetries in a manifest way. We note that all the non-dual fields vanish when we restrict 
their indices to only take the values 1, . . . , 9 and so they lead to no representations of the 
little group SO(9). This suggests that the non-dual generators lead to no propagating 
degrees of freedom. 

The roots of equation (19) for the generators in the solutions of equations (15-17) 
are consistent with the conjecture that all these generators are found taking multiple 
commutators of the generator R a i - a s of equation (18) with the three generators of equa- 
tions (8-10). 

We now apply similar considerations to the En theory appropriate to the IIB theory. 
The Dynkin diagram of En with the Ag subgroup associated with the gravity sector of 
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the IIB theory shown as the horizontal line (the so called gravity line) [3]. 

10 
9 

0-0-0-0-0-0-0-0 - 
12345678 11 

It is immediately apparent that the IIB theory has an SL(2,R) invariance which arises 
from the node labeled ten as this is not connected to the gravity line and so corresponds to 
an internal symmetry. For this theory we delete the node labeled 9 and then the algebra 
splits into Ag <g> A\. The simple roots of En are the simple aj, i = 1, . . . , 8, 11 of Ag, the 
root a of Ai and the root corresponding to node 9 which we call a c which is given by 

a c = x - fj, - A 8 (20) 

where A^, i = 1, ... ,8, 11 are the fundamental weights of Ag and /i is the fundamental 
weight of A\. We note that the last node in the gravity line is node 11 and we keep this 
labeling for the Ag Dynkin diagram. As a c ■ a c = 2 we find that x 2 = — jq- Any root a of 
En can be expressed in terms of the simple roots of En as follows 

8,11 

a = ^mon + la c + ma = Ix - A^ 9 - A^ 1 (21) 

where 

8,11 

A^ 9 = /A 8 - ^n;«;, and A Al =lfi-ma (22) 

i=l 

We note that A A9 and A Al are in the weight spaces of A 9 and Ai respectively. A necessary 
condition for the adjoint representation of En to contain the representation of Ag ® Ai, 
with Dynkin indices pj and q for each factor respectively, is that 

8,11 

A^ 9 =l\ 8 -J2 n % a, = J2pj X j> ( 23 ) 

i=l j 

and 

A Al =l/j-ma = qn (24) 

Where l,rii,pi and m, q are all positive integers or zero. Taking the scalar product with 
the fundamental weights, these two equations respectively become 

Y^PjAj? = ia£ - m (25) 

3 
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and 

l-q = 2m (26) 

where now A~l is the inverse Cartan matrix of Ag. The IIB decomposition given in 
reference [4] has two levels h and l 2 corresponding to the deletion of the nodes ten and 
nine. The decomposition studied here has the advantage that it automatically works with 
complete representations of SL(2,R). For comparison we have l 2 = I while l\ = m = \{l — q) 
The condition on the length of the roots is given by 

a 2 = l 2 x 2 + J^PMij^Pj + y < 2, 0, -2, . . . (27) 

ij 

We now divide the generators of the IIB theory into two classes in a way that is similar 
to that done above for the eleven dimensional theory. The generators of the IIB theory 
can all be written in such a way that they carry 21 indices. This is essentially because 
the Chevalley generators of the IIB theory are those associated with the gravity line nodes 
one to eight and node eleven, whose multiple commutators lead to the generators K a i, of 
Aq, the Chevalley generator of node ten which is associated with SL(2,R), whose multiple 
commutators introduce no space-time indices and finally the Chevalley generator of node 
nine which is contained in one of the two generators of the form R ah and has level one. 
It is the multiple commutators of this latter generators that lead to the addition of two 
space-time indices at every level. We now call dual generators those that have no blocks of 
antisymmetrised indices of rank nine or ten. As a result, the dual generators have p\ = 
and 

8,11 

J2Pj(^-j) = 2l (28) 
i=2 

Using equation (28) we find the length condition on the root of equation (27) leads to the 
constraint 

a 2 = l - £(10 - - 2)p) + i £(10 - - 2) PlPj + ^ = 2,0,-2,... (29) 

3 i<3 

We see that the left hand side is positive definite and so the only non-trivial solutions have 
a 2 = 2. We also observe that the Dynkin label p 2 does not appear and so it not subject to 
any constraint. Furthermore q can only take the values q = 0, 1, 2. If we have q = 2 then 
all the pj = except p 2 which can take any value. It is easy to see that the only solutions, 



which also satisfy equations (25) and (26), are 

solution A, R aia2 , p 2 = u,p 8 = 1, q = 1, at 1 = 1 + Au, (30) 

solutionB, # 0l " a4 , p 2 = u,p 6 = 1, q = at / = 2 + 4m, (31) 

solution C, iT 1 -" 6 , p 2 = u,p 4 = 1, q = 1 at / = 3 + Au, (32) 

solutionD, iT 1 -" 7 ' 6 , p 2 = u,p 3 = 1 = p 9 , q = at / = 4 + Au, (33) 
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solution E, i? 01 - 08 , p 2 = u + l, q = 2 at / = 4 + 4m, (34) 

solutionF, iT 1 -" 8 , p2 = M + i 7 g = o at / = 4 + 4«, (35) 

The above only lists the highest weight components of each SL(2,R) multiplet and one 
can obtain all members of the multiplet by acting with the Chevalley generators E 10 and 
Fiq. The axion is not displayed as it is part of the SL(2,R) multiplet which contains the 
dilaton as its highest weight component. We notice that for u = we have precisely the 
generators corresponding to the content of the IIB supergravity theory if we include the 
dual graviton and the eight form generators. The above solutions all have a 2 = 2 except 
for solution F which has a 2 = 0. The general solution above has generators which have 
the indices of the u = generators decorated by any number of blocks of eight indices. 
The roots are found from equations (25) and (26). The simplest way to deduce them is 
to first show that if one has a solution with certain set of Dynkin indices pj, then there 
exists another solution with the same Dynkin indices except with p 2 replaced by P2 + u for 
u a positive integer. The resulting En root a then changes to a + uotp. Hence, given the 
above solutions for u = we generate all the others and they have the roots 

cti(u) = olj + uctF (36) 

where / stands for A,B,C,D,E and F and the roots ai are given by 

a A = (0,0,0,0,0,0,0,0,1,0,0), a B = (0,0,0,0,0,0,1,2,2,1,1), 

a c = (0,0,0,0,1,2,3,4,3,1,2), a D = (0,0,0,1,2,3,4,5,4,2,2), 

a E = (0,0,1,2,3,4,5,6,4,1,3), a F = (0, 0, 1, 2, 3, 4, 5, 6, 4, 2, 3) (37) 

The little group in ten dimensions is SO (8). The above solutions have a similar 
interpretations as the ones in eleven dimensions. They correspond to all possible dual 
descriptions of the on-shell bosonic degrees of freedom of the IIB supergravity theory and 
so one expects that the non-linear realisation corresponding to the IIB theory manifestly 
displays all possible duality symmetries corresponding to the on-shell degrees of IIB super- 
gravity. As for the eleven dimensional case, the non-dual fields do not contribute any 
non-trivial little group representations. This completes our discussion of the IIB case. 

We observed that for the eleven dimensional case the dual generators were likely to 
be result from taking repeated commutators of the generator at level three which had 
pi = 1, / = 3, a 2 = and multiplicity zero with the three lowest level generators. In 
fact such a result applies not only to the dual generators, but to all the En generators as 
we now explain. Given two solutions with Dynkin indices and levels given by (p^ 1 ',^ 1 ') 
and (p( 2 \ l^) to the weight matching condition of equation (6), then we find that (p*- 1 -* + 
(p( 2 ), 4- /( 2 )) is also a solution as this equation is linear in its Dynkin indices and level. 
This is not in general true for the root length condition of equation (7). However, if we 

take (p (2) ,/ (2) ) to be the generator of equation (18) with u = 0, i.e. (py = l,/ (2) = 3), 
then we do find a solution of equation (7) of the form (pW + p( 2 \ l^ 1 ' + l^). Indeed, if we 
denote the root of the latter by (3 then it has a root length squared which is given by 

((3) 2 = a\- 2 -^l^ + ^pVAjipf) =a 2 - 2n« (38) 
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which is always in the allowed range. In going between the two equations we have used 
equation (6) for the first solution. Thus even though the generator with P2 = 1,1 = 3 does 
not actually appear in the En algebra its repeated commutator with any generator in the 
En algebra should result in another generator in the algebra. Examining the table of En 
generators [16,19] one does indeed find generators which are genuine members of the En 
algebra with the correct structure to have arisen from such commutators. Such generators 
will have the same SO(9) little group representations as the original generator before any 
commutators and as such it would seem that all fields in the non-linear realisation of En 
come in all possible dual formulations. 

The En root corresponding to the generator i^ 01 ' "° 9 with p2 = 1, 1 = 3 is of the form 
k = ct 3 + 9 where 9 is the highest root of Eg and 0:3 is the root whose addition corresponds 
to changing Eg to the affine algebra Eg. As such, k is associated with the null root of 
the affine Eg subalgebra. We note that in any affine algebra the null root k is responsible 
for the infinite number of generators in the algebra as if a is a root of length squared two 
found in the underlying finite dimensional algebra then the roots of the algebra are of the 
form a + nk. The infinite number of generators in the affine algebra can be packaged up 
into T a (z) = T£z n where z parameterises the S 1 of the circle or loop. Given the above 
results we conclude that we can package all the generators of En in a similar manner by 
considering them as coefficients of a polynomial in the variable z ai '" a9 . Even once this 
packaging has been carried out the adjoint representation contains an infinite number of 
generators even though they are functions of z ai — ag . However, the dual generators can all 
be encoded by taking the generators of the adjoint representation of Eg and letting them 
depend on z ai '" ag . Could it be that En can be formulated as a mapping from a three 
dimensional surface into the Eg, algebra and could the same apply to any very extended 
algebra 

Similar results to those discussed just above hold for the IIB theory using the generator 
of equation (35). 

Given any finite dimensional semi-simple Lie algebra G one can form a unique rank 
three larger Kac-Moody algebra G +++ based upon it [11] and consider the non-linear 
realisation formed from it [1,17,18]. For example, if G = Eg then E% ++ = En- The 
low level dynamics of these non-linear realisations are many of the theories of interest 
to theoretical physicists. For example, the non-linear realisations of and -D^IJ 

are gravity [1] and a generalisation of the effective action of the bosonic string [17] in D 
space-time dimensions respectively. Examining the tables of references [4] and [19] one 
finds that the story of the dual generators found in the context of En also holds for these 
theories. Namely, the dual generators are the original low level generators associated with 
the physical fields of the theory as well as these generators when suplimented by blocks 
of D — 2 indices. Furthermore there exists in each case generators of length squared zero 
whose multiple commutators with the very lowest dual generators are likely to lead to all 
dual generators. This is particularly apparent when looking at the table of generators of 
Dg ++ and B^ ++ of reference [4] and Af ++ of reference [19]. 

Let us summarise the results in this paper, we have considered the adjoint representa- 
tion of En when decomposed with respect to the A w sub-algebra corresponding to the 
gravity sector of an eleven dimensional theory. We have explained that all the generators 
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of En can be written with 3/ indices where / is the level of the generator. We then 
found all generators of En that do not have any blocks of ten or eleven antisymmetrised 
indices. There is only one such generator at every level and they correspond to all possible 
dual formulations of the on-shell bosonic degrees of freedom of the eleven dimensional 
supergravity theory. Thus we have found a physical meaning for an infinite number of En 
generators. 

The non-dual generators, when written with indices as described in this paper, lead 
to no degrees of freedom for the little group and one may suspect they do not correspond 
to propagating degrees of freedom. One word of caution is required in relation to this last 
statement as it depends on writing all generators with 3/ indices, however, one can change 
the number of indices with the epsilon symbol and only the dynamics can determine which 
fields actually propagate. Only once one has the dynamics can one determined what the 
actual propagating degrees of freedom are. 

The corresponding generators in the IIB theory follow a similar pattern and interpreta- 
tion and it is likely that the results hold for any non-linear realisation based on any very 
extend algebra G +++ . 

Given the results in this, and previous papers on En, there is now considerable 
evidence that En is closely associated with the maximal supergravity theories. Indeed, 
it would seem increasingly likely that the original conjecture of reference [1] that En 
is a symmetry of a suitably decorated formulation of eleven dimensional supergravity is 
true. Since the maximal ten dimensional supergravity theories are the complete low energy 
effective actions for the corresponding superstrings this result also encourages the belief 
that the underlying theory has an En symmetry, albeit of a discrete kind. 

The dual generators are only a small part of the infinite number of generators of the 
adjoint representation of En- However, as explained in the introduction a number of the 
non-dual generators, although non-propagating, have a physical meaning. For example, 
the level four generator ^ a ' & ' Cl '" ClQ Q f the eleven dimensional theory allows for the emer- 
gence of the massive IIA supergravity theory upon reduction to ten dimensions. One can 
expect that this is a general phenomenon, namely the gauged, sometimes called massive, 
supergravities that occur in lower dimensions can be thought of as arising from fields be- 
yond the supergravity approximation in the eleven dimensional En non-linear realisation. 
Indeed, it would be interesting to see if a precise correspondence can be made between 
such fields and the gauged supergravities in say three dimensions. Thus one expects to 
find an interpretation for many of the non-dual generators and these results encourage the 
belief that all the fields in the non-linear realisation of En have physical meaning. 

In this paper we have only shown that the field content of the non-linear realisations 
corresponds to all possible dual fields. However, it would be good to show that the dy- 
namics of the non-linear realisation actually leads to a formulation with all possible dual 
field incorporated in the correct way. It is possible that the dual generators and the gen- 
erator with it = of equation (18) form a closed subalgebra which is a truncation of the 
En with the generators of equation (11) added. If this were the case there would be a 
manifest description of the duality symmetries of the on-shell degrees of freedom without 
the non-dual fields. 
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